We refine theoretical estimates of the masses of the Θ + and other pentaquark states.
I Introduction
Since long, hadron spectroscopy has been an arena to learn about low-energy quantum chromodynamics. The observation of a narrow baryon state of strangeness +1 at a mass around 1540 MeV by several experiments [1] has brought renewed attention to this theatre. The evidence in support of this new state, Θ + , from experiments of diverse nature -photoproduction, low energy kaon-nucleus scattering, etc. -has been increasing with time; nonetheless, non-observation in some experiments continues to be a mystery [2] . The motivation to look for such a state in this mass region came from work in the chiral soliton model [3] . Within the quark picture, the positive strangeness (≡s) of the Θ + baryon puts it in an exotic category and entails an interpretation in terms of a minimum of four quarks and an antiquark -a pentaquark state (ududs).
Soon after the observation of the Θ + , three other states which also demand a pentaquark classification have been detected. These are the Ξ −− (dsdsū) and Ξ 0 (dsusd) both at 1862 MeV [4] and the Σ c (ududc) [5] with mass 3099 MeV.
Exotic baryons and mesons have been the subject of much earlier research. The focus on pentaquark states is more recent. For the Θ + , two models [6, 7] have attracted particular attention 1 . It is convenient to discuss these using the language of SU(6) of colour-spin, SU(3) of colour, and SU(2) of spin. Thus, for example, a quark transforms as (6, 3, 2) , where the three integers within the parantheses identify the representations of the above SU(6), SU(3), and SU(2) respectively. To avoid cluttering, the flavour structure is not explicitly shown. Experiments indicate that the θ + is an isosinglet. It has been the practice to assume that it is a spin 1 2 particle.
In the Jaffe-Wilczek (JW) model [6] , the four quarks form two diquark clusters, each in the (21,3, 1) representation. Of the four possible (colour, spin) combinations for a twoquark cluster -(6,3), (6, 1) , (3, 3) , (3, 1) -this is the one of the lowest energy. The two diquark clusters and the remaining antiquark -each of which is in colour3 -combine to form the colour singlet pentaquark state (qq)(qq)(q), e.g., Θ + ≡ (ud)(ud)(s). A relative orbital angular momentum, L=1, is assumed; this can, hopefully, explain the observed narrow width of the state. Another consequence is that its parity -experimentally undetermined so far 2 -is predicted to be positive. Note that the colour-spin symmetric nature of the (3, 1) diquark requires it to be antisymmetric,3, in flavour to satisfy the generalized Pauli principle. The two diquarks (colour3 bosons) combine to form colour 3 to match up with the antiquark. This, and L=1, requires the combination to be in a flavour symmetric6 state. The overall pentaquark flavour must be in6 ⊗3 = 8 + 10.
The quantum numbers of Θ + can be accommodated only in the 10.
In the Karliner-Lipkin (KL) model [7] the quark clustering is different. Here, it is postulated that there is one diquark cluster with the same quantum numbers as in the JW model. The difference is that the remaining two quarks and the antiquark are assumed to form a triquark state (qqq) with the quantum numbers (6,3,2) which is in a flavour6. The pentaquark state is the colour singlet (qq)(qqq) combination. To explain the narrowness of the observed states, a relative orbital angular momentum, L=1, is postulated between the clusters so that the parity of the state is predicted to be positive in this model as well. The flavour structure of the states is the same as in the JW model.
In this work, we take a closer look at the prediction of pentaquark masses in the JW and KL models focussing on the colour-spin hyperfine interaction contribution. We also consider the effect of flavour symmetry breaking.
II Colour-spin hyperfine interaction
Besides colour electric forces between all quarks and antiquarks, there exists a colourspin hyperfine (colour magnetic) interaction [10] . In the JW and KL models, it is assumed that this interaction is operative inside the clusters but, due to the larger separation, the hyperfine interaction between clusters is negligible. The colour-spin SU(6) hyperfine interaction energy is:
Here, σ and λ are the Pauli and Gell Mann matrices, and i and j run over the constituent quarks and antiquarks. The common practice is to take v ij ≡ v (flavour symmetry). v captures information about the radial dependence of the bound state wave-function. For a composite system of nuarks and nq antiquarks, the hyperfine energy contribution is given by:
where
C 6 and C 3 are the quadratic Casimir operators of SU(6) and SU(3) respectively, and s, is the spin of the state. The effect of this hyperfine interaction on multiquark exotic states has been a topic of research over several decades [11, 12] .
The mass estimate for the pentaquark proceeds along the following pattern. There are three contributions: (a) the masses of the constituent quarks, (b) the colour-spin hyperfine energy, and (c) the energy due to the P-wave excitation. The practice has been to estimate (a) from the masses of the decay products, (baryon + meson), since their quark content is the same as that of the parent, but here the hyperfine interaction contribution to the baryon and meson mass must be first subtracted out. Thus, the hyperfine interaction enters directly in (b) and also indirectly in (a). Before delving into the actual estimates of this contribution, it will be useful to take a second look at some group theoretic features.
III The clusters III.1 The diquark cluster
In the Jaffe-Wilczek model, there are two diquarks which are bound to an antiquark to form the pentaquark. In this model the diquarks are chosen to be in the (21,3,1)
representation. In addition, a diquark can be in the (21,6,3), (15, 6, 1) , and (15, 3, 3) representations. Of these, the second and third are readily discarded by virtue of the following constraint which the diquarks must satisfy. In order to yield a colour singlet in combination with the antiquark, the two-diquark state must form a colour triplet.
Since, in SU(3),
so the (21,6,3) and (15,6,1) are not acceptable options for the diquark in the JW model 3 .
We indicate later the pentaquark masses which result from choosing the diquarks to be in the (15, 3, 3) .
III.2 The triquark cluster
The triquark cluster in the Karliner-Lipkin model is a member of the (6,3,2) multiplet and contains two quarks and an antiquark. The two quarks are combined to a symmetric 21 of colour-spin SU (6) . This construct uses the SU(6) relations:
6 ⊗ 6 = 21 ⊕ 15, 21 ≡ (6, 3) + (3, 1), and 21 ⊗6 = 6 ⊕ 120,
A triquark in the 120 carries higher hyperfine energy. If the two quarks are combined in an antisymmetric fashion, producing a 15 of SU (6), then the triquark can be in the 6 or 84 4 . These states are still higher in energy. The masses of a Θ + -like state arising from these options are presented later. 3 Here, we exclude the possibility of the two diquarks being in different representations. Indeed, 3 ⊗ 6 = 3 ⊕ 15 ′ , and, in principle, one can make do with one diquark in a colour antitriplet and the other in a sextet. 4 In SU(6), 15 ⊗6 = 6 ⊕ 84.
More important is the fact that in the existing literature, the triquark in the (6, 3, 2) is assumed to be made with the two quarks within the cluster forming a (21,6,3) 5 . In actuality, the eigenstate of SU (6) 
Here,
are unitary scalar factors of SU (6) whose definition along with other details have been relegated to an appendix. We present the pentaquark masses obtained following eq.
(6) below.
IV Pentaquark masses IV.1 Hyperfine interaction couplings
It is obvious that the strength of the colour-spin hyperfine interaction is an important ingredient of the pentaquark mass estimation. The procedure has generally been to assume that it takes a universal value which is estimated by ascribing the ∆ − N mass splitting to this interaction.
5 This is like assuming that the spin zero combination of two spin half particles corresponds to, say,
and not the correct antisymmetric combination of the two spins.
While this can be a first approximation, it should be borne in mind that v depends on the radial dependence of the bound state wave-function. It is not very likely that this will be the same for two-body and three-body bound states. Indeed, from the meson sector one has, for example,
It may not be unreasonable to expect that for a diquark state eq. (9) would give a better approximation to reality than eq. (8) . In the following, we have therefore chosen to use v 2 for all mesons and diquarks and v 3 for triquarks. For the sake of comparison, we also present results where v 3 is used for all.
IV.2 Flavour symmetry breaking
In the limit of exact flavour symmetry, the splitting between the lowest lying pseuodoscalar mesons and the corresponding vector mesons would be flavour independent.
A measure of flavour symmetry breaking can be obtained from
This suggests that the hyperfine interaction involving an s-quark or antiquark carries a suppression by the factor 6 x f . In the following, the effect of this departure from flavour symmetry on pentaquark masses has been examined.
IV.3 P-wave excitation
The energy due to the P-wave excitation can be estimated from the recently observed D * s state at 2317 MeV, which is believed to be an orbital excitation of the state at 2112 MeV. This gives
6 Subtle features of incorporating flavour violation in the pentaquark mass estimation have been considered in [13] . 7 Alternatively, one might use E P = m Λ(
MeV. This will increase all pentaquark mass estimates below by ∼ 85 MeV.
V Results
Putting together the inputs from the previous sections, one can readily obtain the masses of the pentaquark states. For example, for Θ + , in the Karliner-Lipkin model
while in the Jaffe-Wilczek Model
As noted earlier, the pentaquark states fill an octet and an antidecuplet of flavour.
Other than the three states, Θ ≡ ududs, Ξ −− ≡ dsdsū, and Ξ + ≡ ususd, all other states in the antidecuplet have partners in the octet with identical isospin and hypercharge. In estimating the masses we have assumed ideal mixing between the partners and ascribed the lighter member to the antidecuplet. Note that isospin symmetry is unbroken, so it is enough to present the mass of one member of an isomultiplet. In Table 1 we list the pentaquark masses obtained following the KL model while in Table 2 the corresponding masses for the JW model are displayed. Results have been presented using (a) the values of v 3 and v 2 from eqs. (8) and (9) Recently, the H1 experiment at HERA has found evidence of a possible charmed pentaquark at mass 3099 MeV [5] . This state has the quantum numbers of a pentaquark with the structure ududc. Including flavour violation and taking into account v 2 = v 3 , we find in the Karliner-Lipkin model the predicted mass for such a state is 3053 MeV while it is 3879 MeV in the Jaffe-Wilczek model.
V.1 Colour-spin SU(6) excitations
The results above are obtained from the usual colour-spin assignments for the quark clusters and lead to the lowest lying pentaquarks. There are possible alternate SU (6) colour-spin choices for these clusters which also lead to colour singlet, spin 1 2 pentaquark states. How different are the masses in these other cases, which are nothing but SU (6) colour-spin excitations?
For example, in the Jaffe-Wilczek model, the diquarks can be chosen to be in the can also be in (120,3,2) in which case the S = +1 state is at 2011 MeV. Further, the two quarks in the triquark can be combined into an antisymmetric 15 of SU (6) . This can result in (84,3,2) or a second (6,3,2) for which the corresponding masses are 2329
and 2249 MeV, respectively.
There is no obvious argument to suppress these additional states and the other members of the flavour SU(3) antidecuplet to which these belong. It will be of interest to extend the ongoing searches to look for such colour-spin SU(6) excited partners, a novelty of the pentaquark system.
VI Conclusions
A pentaquark interpretation of the Θ + leads to predictions of several other states in a similar mass range with definite quantum numbers. They populate an octet and an antidecuplet of flavour SU(3).
In this paper, the masses of the Θ + and other pentaquark states have been calculated including the effect of flavour symmetry breaking. The strength of the hyperfine interaction for two-and three-quark bound states is taken to be different using the known splittings in baryonic and mesonic systems. Both of these significantly affect the pentaquark mass predictions. An element of uncertainty is introduced in these mass estimates by the P-wave excitation energy for which we have used the information from the D-meson system.
For the triquark state of the Karliner-Lipkin model, the proper colour-spin SU (6) property has been used for the first time. For this, the relevant SU(6) unitary scalar factors have been calculated ab initio.
In addition to the states in the antidecuplet and the octet which correspond to the minimum hyperfine energy, there are possible excited states of SU (6) colour-spin. The masses of such colour singlet, spin 1 2 , Θ + excitations have also been estimated.
It appears that the Θ + baryon could well prove to be the tip of a revealing iceberg of new hadronic states.
Clebsch-Gordon (CG) coefficients of SU (2) where the first factor on the right-hand-side is the isoscalar factor. Tables of SU (3) isoscalar factors are readily available [14] .
Similarly, in SU (6) Here, the first factor on the right-hand-side is an SU(6) unitary scalar factor -the generalization of the SU(3) isoscalar factor. P X (I X ) indicates the SU(3) (SU(2)) subrepresentation within the SU(6) multiplet X.
For the purpose of the triquark, the SU(6) CG coefficients are needed for the product 21 ⊗6 = 120 ⊕ 6. We have not been able to find the SU(6) unitary scalar factors for this product in the published literature [15] . We have, therefore, calculated them ab initio. We follow the generalized Condon-Shortley phase convention [16] and obtain: 
